Problem 1. (inspired by TOI 2019) Let {x;}?_; be a non-decreasing sequence of real numbers and
{y:}"_, a non-increasing sequence of real numbers. Let f: {x;}7; — {z;}, and g : {y;}"o; — {wi},.
Show that

Z |f(@i) + 9(ys) — f(@ir1) — 9(yis1)| = gjagxn{xj +yi}— 1I§lei£n{$j +y;}-
Solution. Let S = Y77 [ f(x:) + g(yi) — f(ziv1) — g(yiv1)| and a; = f(x:)+g(y:) fori=1,2,...,n

Then,
n—1
S = Z \ai —(ZZ‘Jrl‘ .
i=1

We will prove that S is minimized if and only if {a;}?_; is monotonic. In this case,

min{S} = nax {a;} — 1I<111£1L{a1}

We use induction to prove this. The base cases n = 1 and n = 2 are trivial. For the inductive step,
assume the result holds for n = k and consider n = k + 1. Let

ar = max {ai}.

Since r — 1 and k 4+ 1 — r < k, we can write:

> — - — - i ).
§2( max {ai} — min {ai}) +lary —ar|+]ar —apps|+( | max  fa;}—  min - {a;})

Simplify further:

{a;3})-

> B o . _
s (1<r£1<ax_ {aik —ar—1) +( +1<]<k+1{a]} ar1) + (ar mm{1grz‘n§1£1—1{al} r 195 k41
Thus,

S>a,— min {a;}.
1<i<k+1

Finally,
> _
5 1<I?31§+1{a1} 1<m<1£1+1{a1}

By induction, the result holds for all n. Hence,

S = ; |f(zs) + g(yi) — [(wig1) — 9(yiv1)| > gjagn{xj +yi} — 121}2”{% + 5}



